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SOME RECENT PROGRESS OF BIHARMONIC
SUBMANIFOLDS
YE-LIN OU ∗
Abstract
In this note, we give a brief survey on some recent developments of
biharmonic submanifolds. After reviewing some recent progress on
Chen’s biharmonic conjecture, the Generalized Chen’s conjecture
on biharmonic submanifolds of non-positively curved manifolds,
and some classifications of biharmonic submanifolds of spheres,
we give a short list of some open problems in this topic.
1. Biharmonic submanifolds and their equations
1.1 Biharmonic submanifolds
The study of biharmonic submanifolds began with the independent works of B.
Y. Chen [18] and G. Y. Jiang [44], [45], [46] in the middle of 1980s. In his program
to study the finite type submanifolds of Euclidean space, Chen defined a bihar-
monic submanifold of a Euclidean space to be a submanifold with harmonic mean
curvature vector field, i.e., an isometric immersion φ : Mm −→ Rn that satisfies
∆H = 0, where H is the mean curvature vector field and ∆ denotes the Lapla-
cian on the submanifold M . In the meantime, G. Y. Jiang, in his effort to study
biharmonic maps between Riemannian manifolds as a part of a program to un-
derstand the geometry of k-polyharmonic maps proposed by Eells and Lemaire in
[29], began to study biharmonic submanifolds of Riemannian manifolds as bihar-
monic isometric immersions. The paper [14] of Caddeo-Montaldo-Oniciuc seems
to be the first one to use the term of “biharmonic submanifolds of Riemannian
manifolds” .
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A harmonic map is a map ϕ : (M, g) −→ (N, h) between Riemannian manifolds
that is a critical point of the energy functional
(1) E (ϕ) =
1
2
∫
M
|dϕ|2 dvg,
where 1
2
|dϕ|2 = 1
2
gijϕαi ϕ
β
j hαβ is the energy density of ϕ. Harmonic map equation
is a system of 2nd order PDEs given by the Euler-Lagrange equation of the energy
functional:
∆ϕσ + g(∇ϕα,∇ϕβ)Γ¯σαβ = 0, σ = 1, 2, · · · , n.
The tension field of the map ϕ is defined to be
τ(ϕ) := Traceg∇dϕ = gij(ϕσij − Γkijϕσk + Γ¯σαβϕαi ϕβj )
∂
∂yσ
.
So, harmonic maps are those maps whose tension fields vanish identically.
It is well known that harmonic maps include many important classes of maps in
mathematics as special cases, including harmonic functions, geodesics, and min-
imal isometric immersions (i.e., minimal submanifolds). In fact, for an isometric
immersion ϕ : (Mm, g) −→ (Nn, h), its tension field is τ(ϕ) = mH , whereH is the
mean curvature vector field of the submanifold ϕ(M) ⊆ (Nn, h). So an isometric
immersion is a harmonic map if and only if ϕ(M) ⊆ (Nn, h) is a minimal submanifold
(cf. [30] ).
A biharmonic map is a map ϕ : (M, g) −→ (N, h) between Riemannian mani-
folds that is a critical point of the bi-energy functional
(2) E2 (ϕ) =
1
2
∫
M
|τ(ϕ)|2 dvg,
where τ(ϕ) = Traceg∇dϕ is the tension field of ϕ. Biharmonic map equation is a
system of a 4th order PDEs given by the Euler-Lagrange equation of the bienergy
functional (See [45]):
τ2(ϕ) := Trg(∇ϕ∇ϕ −∇ϕ∇M )τ(ϕ)− TrgRN(dϕ, τ(ϕ))dϕ = 0,
where RN(X, Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z is the Riemann curvature operator of
(N, h).
A biharmonic submanifold is a submanifold whose defining isometric immersion
is a biharmonic map. It is clear from the definitions that a harmonic map is al-
ways a biharmonic map and hence a minimal submanifold is always a biharmonic
submanifold. It is customary to call a biharmonic map which is not harmonic
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a proper biharmonic map and a biharmonic submanifold that is not minimal a
proper biharmonic submanifold.
1.2 The equations of biharmonic submanifolds
The equations for a biharmonic submanifold of a Riemannian manifold in local
coordinates were first derived by Jiang in [44] as
(3)


∑m
j,k=1{bαjjkk −
∑n
β=m+1 b
β
jjb
β
lkb
α
lk + b
β
jjR
N
βkαk} = 0,∑m
j,k=1
∑n
β=m+1{2bαjjkbβik + bβjjbβikk − bβjjRNβkik} = 0,
α = m+ 1, m+ 2, · · · , n, i = 1, 2, · · · , m,
where RNabcd, b
α
ij , b
α
ijk, b
α
ijk denote the curvature tensor of the ambient space N , the
second fundamental form of the submanifold, the first and the second covariant
derivatives of bαij respectively. Our notation convention for the curvature is such
that the Weingarten formula reads bαijk − bαikj = RNαi kj.
Invariant form of the equations for biharmonic submanifold of Euclidean and
Semi-Euclidean spaces were derived and used by Chen in [17], [18], and that of
space forms of nonzero constant curvatures were derived and used by Oniciuc in
[62] and Caddeo-Montaldo-Oniciuc in [15].
The invariant form of the equations for biharmonic hypersurfaces ϕ : Mm −→
Nm+1 in a generic Riemannian manifold was derived by the author in [65]:
(4)
{
∆H −H|A|2 +HRicN(ξ, ξ) = 0,
2A (gradH) + m
2
gradH2 − 2H (RicN (ξ))⊤ = 0,
where RicN : TqN −→ TqN denotes the Ricci operator of the ambient space de-
fined by 〈RicN (Z),W 〉 = RicN(Z,W ), H is the mean curvature function, and A
is the shape operator of the hypersurface.
Finally, the invariant form of biharmonic submanifold equations for a general
Riemannian manifold was given in [10]:
(5)
{
∆⊥H + trB(·, AH ·) + tr (RN(dϕ(·), H)dϕ(·))⊥ = 0,
2 trA∇⊥(·)H(·) + m2 grad |H|2 + 2 tr (RN(dϕ(·), H)dϕ(·))⊤ = 0,
where H , ∆⊥ and ∇⊥ denote the mean curvature vector field, the Laplacian and
the connection of the normal bundle of the submanifold.
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1.3 Some examples of proper biharmonic submanifolds
In general, it is not easy to find examples of proper biharmonic submanifolds
due to the nature of 4th order and nonlinearity of the biharmonic submanifold
equations. The following list gives some examples of proper biharmonic subman-
ifolds.
• Biharmonic hypersurfaces:
(i) The generalized Clifford tori [45]: Sp( 1√
2
) × Sq( 1√
2
) →֒ Sn+1 with
p 6= q, p+ q = n;
(ii) Small spheres [14]: Sn( 1√
2
) →֒ Sn+1; ;
(iii) Hypercylinders ([65], [66]): Sn−1( 1√
2
)× R →֒ Sn × R;
(iv) The hyperplanes xn+1 = k in the conformally flat spaces([65]):(
R
n+1
+ , (
xn+1+C
D
)2
∑n+1
i=1 dxi
2
)
.
(v) Some product of spheres (cf. [5]): Sn1(r1)×. . .×Snq(rq)×Snq+1(rq+1)×
. . .×Snk(rk) in Sm+k−1, wherem =
∑k
i=1 ni, ri =
√
ni/
√
2(n1 + · · ·+ nq)
for i = 1, 2, · · · , q and rj = √nj/
√
2(nq+1 + · · ·+ nk) for j = q +
1, 2, · · · , k.
(vi) Some biharmonic real hypersurfaces in CP n and some biharmonic
tori: T n+1 = S1(r1) × S1(r2) × . . . × S1(rn+1) in S2n+1 (See [77] for
details).
• Biharmonic submanifolds via constructions of precompositions or post
compositions:
(i) Caddeo-Montaldo-Oniciuc [15]: The submanifold Mm →֒ Sn+1 ob-
tained as the composition Mm →֒ Sn( 1√
2
) →֒ Sn+1, where Mm →֒
Sn( 1√
2
) is any minimal submanifold;
(ii) Caddeo-Montaldo-Oniciuc [15]: The submanifold Mk × N l →֒ Sn+1
obtained as the composition Mk × N l →֒ Sp( 1√
2
) × Sq( 1√
2
) →֒ Sn+1
with p 6= q, p + q = n, where Mk →֒ Sp( 1√
2
) and N l →֒ Sq( 1√
2
) are
two minimal submanifolds.
(iii) The submanifold Mk →֒ Sn obtained as the composition Mk →֒
Sm →֒ Sn, where Mk →֒ Sm is a proper biharmonic submanifold and
Sm →֒ Sn is a totally geodesic immersion (See [64] and [72]).
• A biharmonic Legendre surface in S5 [70]: φ : M2 −→ S5 with φ(u, v) =
1√
2
(cosu, sinu sin(
√
2v),− sin u cos(√2v), sin u, cosu sin(√2v),− cosu cos(√2v)).
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2. Biharmonic submanifolds of nonpositively curved spaces
2.1 Chen’s conjecture on biharmonic submanifolds of Euclidean spaces
One of the fundamental problems in the study of biharmonic submanifolds is
to classify such submanifolds in a model space. So far, most of the work done has
been focused on classification of biharmonic submanifolds of space forms. For the
case of Euclidean ambient space, all the work done has been trying to solve the
following
B. Y. Chen’s conjecture on biharmonic submanifolds (See e.g., [18], [19], [20],
[21], [22], [23], [14], [4], [47], [59], [60], [66], [76] and the references therein): Any
biharmonic submanifold in a Euclidean space is a minimal one.
♣ The conjecture is still open although it has been verified to be true in the
following special cases:
(I) Biharmonic curves in Rm (Jiang 1986 [46] and independently Dimitric´
1989 [26], 1992 [27] ).
(II) Biharmonic hypersurfaces Mm →֒ Rm+1 with
• m = 2 (Chen 1985 [18], 2011 [20] and independently Jiang 1986 [46]).
• m = 3 (Hasanis-Vlachos 1995 [40] and Defever 1998 [25] for a different
proof).
• parallel mean curvature ( Jiang 1986 [46]).
• completeness and Ricci curvature bounded from below (Jiang 1986
[46]).
• at most 2 distinct principle curvatures (Dimitric´ 1992 [27]).
• 3 or 4 special distinct principal curvatures: (i) k1, k2, k1 + k2, or (ii)
k1, k2, k3, k1 + k2 + k3 (Chen-Munteanu 2013 [24]).
• at most 3 distinct principal curvatures: k1, k2, k3 (Fu 2014 [37], 2015
[38]).
• completeness and finite total mean curvature (Nakauchi-Urakawa 2011
[59])
• oriented image contained in a non-degenerated open cone or being
cylindrically bounded (Alias-Martinez-Rigoli 2013 [2]).
• weak convexity (Luo 2014 [51]).
• m distinct principal curvatures and g(∇eiek, ej) 6= 0 for all distinct
triples of principal curvature vectors {ei, ej , ek} in the kernel of dH
(Koiso-Urakawa 2014 [47]).
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• G-invariant property with cohomogeneity 2 group of isometry of Rm+1
for m ≥ 2 (See the most recent work of Montaldo-Oniciu-Ratto 2015,
[58]).
(III) Biharmonic submanifolds Mm →֒ Rm+p which
• are of finite type ( Dimitric´ 1989 [26], 1992 [27]).
• are pseudo-umbilical with m 6= 4 (Dimitric´ 1992 [27]).
• are spherical (B. -Y. Chen 1996 [19]).
• are properly immersed (Akutagawa-Maeta 2013 [1]).
• are complete and have finite total mean curvature (Nakauchi-Urakawa
2013 [60])
• satisfy the decay condition at infinity (Wheeler 2013 [76]).
• are complete and have at most polynomial growth (Luo 2015 [52]).
2.2 Biharmonic graphs and similarity between Bernstein and Chen’s
Conjectures
It is well known that any hypersurface is locally the graph of a function. As min-
imal graphs have play an important role in the study of minimal (hyper)surfaces,
the author initiated the study of biharmonic graphs in [66].
Theorem 2.1. [66] (I) A function f : Rm ⊇ D −→ R has biharmonic graph
{(x, f(x)) : x ∈ D} ⊆ Rm+1 if and only if f is a solution of
(6)
{
∆(∆f) = 0,
(∆fk)∆f + 2g(∇fk,∇∆f) = 0, k = 1, 2, . . . , m,
where the Laplacian ∆ and the gradient ∇ are taken with respect to the induced
metric gij = δij + fifj.
(II) Chen’s Conjecture for biharmonic hypersurfaces is equivalent to stating that
any solution of Equation (6) is a harmonic function or, equivalently, the only
solution of (6) is the “trivial” one—the one that satisfies ∆f = 0.
Recall that the important Bernstein Conjecture in the history of mathe-
matics states that for m ≥ 2, any entire solution f : Rm −→ R of the minimal
graph equation
∆f = 0 ⇐⇒
m∑
i,j=1
(
δij − fifj
1 + |∇fR|2R
)
fij = 0,
is the “trivial” one—the one with fij = 0, i.e., an affine function. In this sense,
we see a similarity between Bernstein and Chen’s conjectures.
It is also well known that Bernstein conjecture
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• is true for
m = 2 by Bernstein’s work (1915);
m = 3 by De Giorgi’s work (1965);
m = 4 by Almgren’s work (1966);
m ≤ 7 by J. Simons’s work (1968), but
• is false for m > 7 by the joint work of Bombieri-De Giorgi-Giusti (1969);
Now for Chen’s Conjecture for biharmonic graphs of f : Rm ⊃ Ω −→ R, we know
that
• It is true for m = 2 by the work of Chen (1985) and Jiang (1986) inde-
pendently;
• It is true for m = 3 by the work of Hasanis-Vlachos (1995).
Could it be possible that Chen’s conjecture fails to be true for some m ≥ 4 similar
to the situation for the Bernstein conjecture?
2.3 Biharmonic Submanifolds of nonpositively curved spaces
An interesting problem related to Chen’s conjecture of biharmonic submani-
folds is the following generalized Chen’s conjecture for biharmonic submanifolds
proposed by Caddeo, Montaldo, and Oniciuc in 2001.
The Generalized Chen’s conjecture of biharmonic submanifolds ( See [14], [4],
also [57], [20], [21], [23], [43], [65], and [68] etc): Any biharmonic submanifolds of
nonpositively curved manifold is a minimal one.
Special cases that support the Generalized Chen’s conjecture on biharmonic
submanifolds include:
• Compact submanifolds (Jiang 1986 [45]);
• Biharmonic submanifold ofH3(−1) (Caddeo-Montaldo-Oniciuc 2002 [15]);
• Biharmonic curves of Hn(−1) (Caddeo-Montaldo-Oniciuc 2002 [15]);
• Pseudo-umbilical biharmonic submanifold Mm ⊂ Hn(−1) with m 6= 4
(Caddeo-Montaldo-Oniciuc 2002 [15]);
• Biharmonic submanifold of constant mean curvature (Oniciuc 2002 [62]);
• Biharmonic hypersurface of Hn(−1) with at most two distinct principal
curvatures (Balmus-Montaldo-Oniciuc 2008 [4]).
However, the generalized Chen’s conjecture was proved to be false by Ou and
Tang in [68]. Ou and Tang first constructed a family of counter examples of
4-dimensional proper biharmonic hypersurfaces in a conformally flat space with
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negative sectional curvature [68]:
For constants A > 0, B > 0, c, any t ∈ (0, 1
2
), and any (a1, a2, a3, a4) ∈
S3
(√
2t
1−2t
)
, the isometric immersion
ϕ : R4 −→
(
R
5
+, (Az +B)
−2t[
4∑
i=1
dxi
2 + dz2]
)
with ϕ(x1, . . . , x4) = (x1, . . . , x4,
∑4
i=1 aixi + c) is proper biharmonic into the
conformally flat space. Furthermore, for t ∈ (0, 1), the conformally flat space
(R5+, h = (Az +B)
−2t(
∑4
i=1 dxi
2 + dz2)) has negative sectional curvature.
By using the product maps of these family of counter examples and totally geo-
desic immersions, Ou and Tang then provided the following counter examples [68]:
For any positive integer k and n, let ϕ : M4 −→ (R5, h) be a counter exam-
ple of proper biharmonic hypersurface in the conformally flat space constructed
above, and ψ : Rn −→ (Rn+k−1, h0) be the standard totally geodesic embed-
ding of Euclidean spaces. Then, the isometric immersion φ : M4 × Rn −→
(R5×Rn+k−1, h+h0) with φ(x, y) = (ϕ(x), ψ(y)) is a proper biharmonic subman-
ifold of codimension k in a nonpositively curved space.
3. Biharmonic submanifolds of spheres–some classifications
The study of biharmonic submanifolds of spheres was initiated by Jiang in [44],
[45]. Some of Jiang’s work in this area can be summarized as
• Derivation of the equations of biharmonic submanifolds in local coordi-
nates in a generic Riemannian manifold and in space forms ([44]);
• Obtaining the following partial classifications/characterizations:
– a compact biharmonic hypersurface φ : Mm →֒ Sm+1 with square
norm of the second fundamental form |B(φ)|2 < m is minimal. Fur-
thermore, if |B(φ)|2 = m, then the biharmonic hypersurface has con-
stant mean curvature ([44]);
– biharmonic submanifolds φ : Mm →֒ Sm+p with parallel mean cur-
vature vector field and square norm of the second fundamental form
|B(φ)|2 < m is minimal ([44]);
– a hypersurface φ : Mm →֒ Sm+1 with parallel mean curvature is
biharmonic if and only if its Gauss map is biharmonic ([44]);
– a hypersurface φ : Mm →֒ Sm+1 with parallel mean curvature vec-
tor field and non-zero mean curvature is biharmonic if and only if
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|B(φ)|2 = m ([45]). As an application of this, Jiang [45] also gave the
first example of proper biharmonic submanifold Sp × Sq →֒ Sp+q+1
with p 6= q.
Since 2001, the study of biharmonic submanifolds of spheres has been vigor-
ously extended by Balmus, Caddeo, Montaldo, Oniciuc, Urakawa and others. The
main focus is to classify/characterize biharmonic submanifolds in a sphere. Some
partial results include the following.
(I) Biharmonic curves in a sphere – a complete classification has been achieved:
• Any proper biharmonic curve in S2 is a part of S1( 1√
2
) (Caddeo-Montaldo-
Piu [16]).
• Any proper biharmonic curve in S3 is a part of S1( 1√
2
) ⊆ S3, or geodesic
of S1( 1√
2
)× S1( 1√
2
) ⊆ S3 (Caddeo-Montaldo-Oniciuc [14]).
• Any proper biharmonic curve in Sn (n > 3) is a biharmonic curve in
S3 sitting in Sn as a totally geodesic submanifolds (Caddeo-Montaldo-
Oniciuc [15]).
(II) Biharmonic hypersurfaces – Some partial classifications:
• Any proper biharmonic surface in S3 is a part of S2( 1√
2
) (Caddeo-Montaldo-
Oniciuc [14]).
• The only proper biharmonic compact hypersurfaces of S4 are the hyper-
sphere S3( 1√
2
) and the torus S1( 1√
2
)×S2( 1√
2
) (Balmus-Montaldo-Oniciuc
[7]).
• A hypersurface φ : Mm →֒ Sm+1 with at most two distinct principal
curvatures is proper biharmonic, then φ(M) is CMC and is an open part of
the hypersphere Sm( 1√
2
), or the generalized Clifford torus Sp( 1√
2
)×Sq( 1√
2
)
with p 6= q, p+ q = m (Balmus-Montaldo-Oniciuc [4]).
• There does not exist compact CMC proper biharmonic hypersurfaces with
3 distinct principal curvatures everywhere (Balmus-Montaldo-Oniciuc [7]).
• If a proper biharmonic hypersurface φ : Mm →֒ Sm+1 has constant mean
curvature, then |A|2 = m; Furthermore for m > 2, then |H| ∈ (0, m−2
m
) ∪
{1}, and if |H| = 1 or |H| = (m − 2)/m, then φ(M) is an open part of
Sm( 1√
2
) or Sm−1( 1√
2
)×S1( 1√
2
) respectively (Balmus-Montaldo-Oniciuc [4]
and [12]).
• An isoparametric hypersurface in Sm+1 is proper biharmonic if and only if
it is a part of either Sm(1/
√
2) or Sp(1/
√
2)×Sq(1/√2), p+ q = m, p 6= q.
(Ichiyama-Ignoguchi-Urakawa [43]).
• An orientable Dupin hypersurface φ : Mm →֒ Sm+1 with at most three
distinct principal curvatures is proper biharmonic if and only if it is an
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open part of Sm( 1√
2
) or Sp( 1√
2
)× Sq( 1√
2
) with p 6= q, p+ q = m (Balmus-
Montaldo-Oniciuc [9]).
• A compact and orientable hypersurface φ : Mm →֒ Sm+1 with at most
three distinct principal curvatures is proper biharmonic if and only if it is
either Sm( 1√
2
) or Sp( 1√
2
)× Sq( 1√
2
) with p 6= q, p+ q = m (Fu [39]).
All the known examples and results of biharmonic submanifolds in spheres sug-
gests the following
Conjecture (Balmus-Montaldo-Oniciuc [4], [6], and [9]): any biharmonic sub-
manifold in sphere has constant mean curvature; and any proper biharmonic hy-
persurface in Sn+1 is an open part of the hypersphere Sn( 1√
2
), or the generalized
Clifford torus Sp( 1√
2
)× Sq( 1√
2
) with p 6= q, p+ q = n.
4. Some open problems and final remarks
In this final section, we would like to list the following open problems in the
study of biharmonic submanifolds.
(1) Chen’s conjecture on biharmonic submanifold.
The conjecture is still open and the author believes that the following are the
interesting and critical cases to work on
C1. Hypersurfaces M4 →֒ R5. Based on the known results, one needs only to
check whether the hypersurfaces with simple principal curvatures, i.e., 4
distinct principal curvatures is minimal or not;
C2. Pseudo-umbilical submanifold M4 →֒ Rn+4 with n > 1. This in the
only case not covered in Dimitric´’s results. It is interesting to note
that the number “4” has mysteriously appeared in several cases asso-
ciated with biharmonicity: The first counter example to the General-
ized Chen’s conjecture is a 4-dimensional hypersurface (cf. [68]), bi-
harmonic morphism has to be a 4-harmonic morphism (see [50]), the
inversion of sphere φ : Rm \ {0} −→ Rm, φ(x) = x/|x|2 is a bihar-
monic map if and only if m = 4 (cf. [3]), and the radial projection
φ : Rm \ {0} −→ Sm−1, φ(x) = x/|x| is a biharmonic morphism if and
only if m = 4 (cf. [64])!
C3. Surfaces M2 →֒ R4;
C4. Biharmonic graphs of functions f : Rm ⊃ Ω −→ R. Notice that Chen’s
conjecture is local by nature and locally, every hypersurface is given by the
graph of a function. For biharmonic graph equation and the equivalent
statement of Chen’s conjecture for biharmonic graph, see the author’s
paper [66].
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(2) The generalized Chen’s Conjecture (C-M-O ’01): Notice that the
Generalized Chen’s conjecture for biharmonic submanifolds states that any bi-
harmonic submanifold of nonpositively curved manifold is a minimal one. The
counter examples constructed by the author and Tang in [68] are biharmonic
submanifolds which are not complete and the ambient spaces have nonconstant
nonpositive sectional curvature. So it would be interesting to know if the following
conjectures are true.
GC1. Conjecture 1: Any biharmonic submanifold of Hn(−1) is a minimal one;
GC2. Conjecture 2 ([1], [54]): Any complete biharmonic submanifold of a non-
positively curved manifold is a minimal one.
(3) Conjectures on biharmonic submanifolds of spheres ([4], [5], [6] and
[9]):
SC1. Conjecture 1: The only proper bih. hypersurface of Sm+1 is a part of
Sm( 1√
2
) or Sp( 1√
2
)× Sp( 1√
2
) with p+ q = m, p 6= q;
SC2. Conjecture 2: Any proper bih, submanifold of Mm →֒ Sm+p has constant
mean curvature.
Final Remarks: Biharmonic submanifolds ( or more generally, biharmonic maps)
has become a popular subject of research in recent years with many significant
progresses made by mathematicians around the world. It is impossible (so the
author had to give up any attempt) to give a complete account of all results in
this brief survey within the page limit of the proceeding. For example, many
recent study has been made on biharmonic submanifolds of other spaces more
general than the space forms. Interested readers may refer to [42], [43], [35] and
[77] for some classification of biharmonic submanifolds of in HP n or CP n; [32]
[33], [34], and [70] for biharmonic submanifolds in Sasakian space forms; [56],
[74] and [75] for biharmonic submanifolds in Ka¨hler manifolds; [64], [68] and [73]
for biharmonic hypersurfaces in conformally flat spaces; [61] [65] for biharmonic
hypersurfaces in symmetric or Einstein space; [67] for biharmonic surfaces of
Thurston’s eight 3-dimensional geometries; [36] for biharmonic submanifolds with
parallel mean curvature vector fields in Sn ×R, and [69], [78], [71], [48], [49] and
[28] for biharmonbic submanifolds of pseudo-Riemannian manifolds.
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